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SUMMARY

An analysis is presented for the classical, linear, elastic be=-
havior of a ring-reinforced oval cylinder subjected to a un’form hydro-
static pressure. Use is made of the theorem of the minimum of the total
potential energy as well as an appropriate combination of the results of
two previously published analyses. One of these deais with oval cylin-
drical shells alone, whereas the second deals with isolated oval rings.
The combined analysis presented herein is employed to obtain numerical
results for a 1imited parametric study which covers major-to-minor axis
ratios in the range from 1.0 (circular cylinders) to 1.5. In addition
to the anticipated result that the severity of the stresses and defor-
mations generally increases as tha major-to-minor axis ratio increases,
it is shown that a change from inside rings to outside rings, or vice versa,
(all other parameters being held constant) generally results in radical

changes in the stress distribution throughout the entire oval cylinder.



SYMBOLS

uniform cross-sectional area of oval reinforcing
ring, including contacted region of shell

enclosed frontal area of oval shell cross section

complex constants in complementary function of |
oval shell solution |

elements in matrix soelution for oval reinforcing
ring

minor and major axes, respectively, of oval
cross section

width of ring acted upon by 9%

arbitrary complex constants of integration
appearing in shell solution

Young's modulus
complex constants defined by Eq. (26)
uniform shell wall thickness

uniform moment of inertia of A with respect
to a transverse centroidal axis, see Eq. (7)

integers

unsupported axial length of a typical bay of
oval ring-reinforced cylinder (Fig. 1)

perimeter of median line of oval cross section

bending moment in ring with respect to reference
line and centroidal line, respectively

circumferential force in ring
parameter defined by Fq. (12)
uniform external hydrostatic prersurs
elements of load matrix on ring defined by Eq. (23)

Lo/27r



= circunferential and radial interaction loads, !

local radius of curvature of median surface of
oval shell crouss section and of ring centroidal
line, respectively

respectively (Fig. 2) ;
harmonic components of S and Z, respectively

axial, circumferential and inward radial displace-

ment components of & .oint on the medlan surface

of the oval shell, respectively

harmonic components of u, v and w, respectively

complementary functions for Unr Vi and W
respectively

particular integrals for Un? Vi and W, res-
pectively

circumferential and radial displacement components
of a point on the reference line of the oval ring,
respectively

- harmoni¢ componentis of V and W, respectivcly

ring displacement matrix defined by Eq. (21)

= axial, circunferential and inward radial coordinate,

respectively, with origin at midbay of shell median
surface

z coordinate of surface in ring upon which q, acts

radial coordinate measured from centroidal line
in the ring

- 2 coordinate of centroidal line of ring

= strain and change of curvature, respectively, for

a point on the ring reference line

- complex roots which appear in complementary

function for shell

Poisson's ratio

- noncircularity parameter which fixes b/a
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axial, circumferential and in-plane shear
stresses in shell

bending components of O O and T.g "es”
pectively

membrane components of o, o and T.g es-
pectively

- circumferential stress in ring

d( )/ds
o( )/ox
d( )/9s




1.

INTRODUCT I ON

Ring-reinforced circular cylindrical shells subjected to either
an internal or external pressure have found wide application in structures
designed for either flight, land-based, or undersea operation. The elastic
behavior of such structures, even including the so-called 'beam-column effect',
is well understood and has been widely reported upon in the literature;
see, for example, Ref. 1. At times the designer is confronted with the
problem of having to analyze ring-reinforced cylinders of oval cross sec-
tion. Such shapes are sometimes deliberately introduced to satisfy space
confinements or other design requirements, but often they are the result of
measurable imperfections in supposedly circular cylinders. |In order to
gain insight into the relatively unexplored behavior of ring-reinforced cylin-
ders deliberately designed with oval cross sections the David Taylor Model
Basin has conducted and published the results of initial tests on such a
cylinder (Ref. 2).

This report presents a theoretical analysis of the classical,
linear, elastic behavior, under a uniform hydrostatic pressure, of a typi-
cal bay (located at some distance from the ends) in an oval cylindrical
shell which is reinforced by many oval rings equally spaced along the
cylinder axis; see Figs. 1 and 2. The rings are assumed to be closely spaced
so that there results a large number of short bays having lengths which are
less than the average radius. Each ring is taken to include the contacted

region of shell.



The analysis is based upon the principle of the minimum of the
total potential energy and incorporates the theoretical work of Refs. 3 and
L, the major results of which are applicable to short oval shells under
arbitrary edge loads, and to arbitrarily loaded oval reinforcing rings,
respectively. In fact, the analysis of Ref. 3 has been applied to simply
supported short oval shells under a uniform lateral load (Ref. 5) and has
been shown to result in good agreement with a more exact double Fourier
series solution, Ref. 6. In a preliminary application (Ref. 7, in which
results are presented without the accompanying theory), the present analy-
sis has shown remarkable agreement with the DTMB data of Ref. 2. Subse-
quently, at the request of the Office of Naval Research, results were ob~
tained for two more ring-reinforced oval cylinders and reported upon in
Ref. 8, again without the accompanying theory.

In addition to giving a detailed description of the connecting
conditions and approach used in applying the analyses of Refs. 3 and k4,
there are presented below the numerical results of a limited parametric
study. This study involves variations in the major-to-minor axis ratio b/a,
the cross-sectional properties of the reinforcing rings, and the location
of the rings, e.g., inside rings or outside rings. Extensive tables and
graphs in the range 1.0 < b/a < 1.5 are presented. In addition to the anti-
cipated result that the severity of the stresses and deformations generally
increases as b/a is increased it is shown that a change in ring location
alone, e.g., a change from inside rings to outside rings, generally re-
sults in radical changes in the stress distribution throughout the entire

oval cylinder.




GOVERNING EQUATIONS

Following Ref. 3, it is here assumed that the stress-displacement
relationships for any peint in the wall of a short oval cylindrical shell
are adequately described by equations which correspond in accuracy to those
of Donnell, with the nonlinear (buckling) terms omitted. On the other hand,
if the effect of inside or outside reinforcing rings is to be carefully
evaluated and if deep-ring effects are to be included, then, following Ref.
4, the stress-displacement relationships for the ring must be of the more

11
accurate Flugge type. The above considerations imply that

o = [‘E/(l-vz)][u,x + V(V,s' w/r) - Z(W’xx + vw,ss)] (1a)
0 = LE/Q-V) v = wir +va =z o )] (1b)
T = LE/2(1 + v)](u,S VT ZZw’xs) (1c)
o= Ele - [rz/(r - 2)lu} (1d)
where

€ =V - Wr (2a)
W= W WeE V(1 /) (2b)



[

In the above equations x, s and z are the axial, circumferential
and inward radial coordinates, respectively, of any point in the oval
shell wall (see Fig. 1). The median line of the oval cross section is :
assumed to have a local radius of curvature given by r = r(s). The axial,
circumferential and in-plane shear stresses in the shell wall are denoted

, respectively, whereas the circumferential stress in the

by 9 O and Tes
ring is denoted by 6. The quantities u, v and w repr« ent the displacements
of any point in the median surface (z = 0) of the shell wall in the co- g
ordinate directions x, s and z, respectively, and commas represent partial
differentiation of any quantity which is a function of both x and s with

respect to the variables which they preceed. On the other hand, V and W

represent the circumferential and radial displacements, respectively, of

any point of the ring which lies on the circumferential line of contact

between the ring and the median surface of the shell, and primes represent

total differentiation with respect to s of any quantity which is a function

of that variable only. The line of contact between ring and shell

(x =+ L/2, z = 0), herein called the reference line, does not generally

coincide with the centroid of the ring cross section; see Fig. 2. The

quantities € and y are the strain and change of curvature of any point

on the reference line. Finally, € and v represent Young's moduius

(assumed identical for both ring and shell) and Poisson's ratio, res-

pectively.



For a typical bay of unsupported length L (see Fig. 1), the appro-

priate boundary and connecting conditions between ring and shell are

u (& L/2,8) =w (& L/2,s) = 0 (3a,b)

2 2

vit L/2,s) = V(s) w(x L/2,s) = W(s) (3¢,d)
Lo h/2 *

Io I-h/z cx(i L/2,s,z)dzds = - q,A (3e)

where Lo and A* are, respectively, the perimeter and the enclosed frontal
area of the oval cross section, and h is che shell wall thickness. The
above conditions permit no out-of-plane warping or twisting of the rings,
assure identical deformations of both ring and shell at their line of
contact, and equate the total end load (which is due to the uniform
external hydrostatic pressure qo) to the resultant axial stress in the
shell at the ends x = + L/2. In addition, it is assumed that at z = zy
the ring has a surface of width B exposed to the uniform pressure a,

(see Fig. 2). An application of the well-known theorem of the minimum of

the total potential energy results in

L
ten/ (1-v1)1] ° [ /2 (o + (172 Qv)u o+ (72) (v o= w/e)w 1o
v o v (12)Q=vdv o+ (172) O%v)u o - (w/r) Ty

(&)

- [(hZ/IZ)Vuw + (1/r) (v ¢ - w/r + yu x) - qo(l-vz)/Eh]Sw}dxds
) J

L .
+ j'o°{[N' - M'/r 4 SIBV + [M' + N/r + q B(1-2,/r) + Z]Bw}ds = 0



where N and M, respectively, are the circumferential force and bending
moment in the ring referred to the reference line (see Fig. 2), whereas S
and Z, respectively, represent the circumferential and axial interaction
loads which act upon the ring. Because each ring interacts with a portion
of shell to its ieft and another portion to its right, the quantities +S
and +Z are twice the effective running shear and transverse shear, res-
pectively, in the shell at the ends x = + L/2.

The quantities N, M, S and Z are related to the displacements by

the expressions

N = J‘AodA = EAfe - (rz/rc)[?/r + I/Arcz]n} (5a)
M =[,0zdh = EAr{ (Z/r)e - (FP/r )L @R + 1/mr 21} (5b)
S(s) = + [En/(1 + Vv G L/2,5) (5¢)
2(s) = + [En°/6(1 - VZ)]w,xxx(i L/2,s) (5d)

where A is the uniform cross-sectional area of the oval reinforcing rings
(including the contacted region of shell) and ro is the local radius of
cu;vature of the centroidal line of the ring, which is located at the con-~
stant distance z from the reference line. Thus, if z, is the distance
from the centroidal line to any point in the ring located at the distance

z from the reference line (see Fig. 2) the following equalities hold

e rhana et



z=z-z -1 -1 = (1/A) | zdA (6)
A

The quantity T is given by

1= [zcz/(] -z /r )IA = [ 2 24A (1)

b e
A A

i.e., I is approximately equal to the uniform centroidal cross~sectional
moment of inertia of the reinforcing ring. In Ref. 4 it is shown that this
approximation (made in what follows) is valid provided the depth-to-radius
ratio of the rings does not exceed approximately 1/5, the usual case in
ring-reinforced cylinders.

in Eq. (4) Bu, ®v, 5w, BV and ®W represent arbitrary variations
of the corresponding displacement quantities. The coefficients of du,
dv and 8w (which, when equated to zero, yield the partial differential
equations of equilibrium of a shell element) are identical to those which
appear in the energy expression of Ref 3. Similarly, the coefficients of
5V and &W (which, when equated to zero yield the ordinary differential equa-
tions of equilibrium of a ring element) are identical to those which appear
in the energy expression of Ref. k. In order to obtain energy solutions
which are applicable to hydrostatically loaded ring-reinforced oval cylin-
ders use will be made of the energy solutions of both Refs. 3 and 4. The
solution of Ref. 3 is applicable to uniformly loaded short oval cylindrical
shells subjected to arbitrary edge conditions. On the other hand, the solu-
tion of Ref. 4 applies to isolated oval rings subjected to arbitrary dis~
tributed circunferential and radial loads. Both solutions assume truncated

circumferential Fourier series for the displacements.



.

ENERGY SOLUTION

In obtaining an energy solution to the problem posed it is
assumed, following Refs. 3 to 8, that the local curvature 1/r of the median

line of the oval cross section is given by
M/r = (l/ro)[l + £ cos (hns/Lo)] (8)

where ro = Lo/Zw is the mean radius and € is a noncircularity parameter
which lies in the range 0 < &€ < 1.0. Negative values of & need not be con-
sidered because they merely correspond to an interchange of the major and
minor axes. The values ¢ > | are not permitted because they correspond to
cross sections which are not convex at every point. A complete study of the
geometry of oval sections defined by Eq. (8), which are symmetric with res-
pect to both the major and minor axes (see Fig. 1), is given in Ref. 6,
where it is shown that the enclosed area A* and the major-to-minor axis
ratio b/a of the oval are given by

i

e B a1 - 26+ £t/ako oo (9)

1 4+ £/3 - §2/15 - §3/10§ + gu/9h5 + - (10)

1 -&/3 - 52/15 + 837105 + g“/9u5 + e

b
a

On the other hand, if b/a is known then & can be obtained from the formula

E= 3p - (36/35)p3 + - (1)



where

p= (b/a - 1)/(b/a + 1) (12)

In Ref. 6 it is shown that if & is varied from 0 to 1 then
b/a varies from 1.00 to 2.06 and the parameter p changes from 0 to 0.347.
A fairly broad class of elliptical cross sections can be approximated by
Eq. (8) (see Ref. 6). Also, in Ref. T it is shown that results in good
agreement with experiment are obtained by fitting this equation to a
doubly symmetric oval constructed from pairs of circular arcs.

It is further assumed, as in Refs. 3, 4, 5, T and 8 that the
displacements of both the shell and ring are adequately represented by

the following truncated circumferential Fourier series.

u(x,s) = (l/2)uo(x) + T un(x) cos (nns/Lo) (13a)
n=4,8.

vix,s) = £ v_(x) sin {(nrs/L)) (13b)

n=4,8. " °

w(x,s) = (l/2)w°(x) + ¥ w_(x) cos (hvs/Lo) (13¢)
n=’+,8u n

V(s) = ¢ Vn sin (WFS/LO) (13d)

n=k, 8.
W(s) = (l/z)wo + £ W_cos (mrs/L)) (13e)
n=k,8. " °
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Under the above assumptions the interaction loads, Eqs. (5c)

and (5d), take the form

S(s) = £ S sin (nrs/L.) (1ka)
n=4,8. " °
Z(s) = (1/2)2_ + ¥ Z_ cos (nrs/L_) (14b)
°© n=h,8. " °
where
S, = + [Eh/ (1 + v)]dvn‘(d: L/2) /dx n=4 8. (15a)
z =% [E07/6010 - v))1d%w (& /2)/a o =0, b, 8. (15b)

When the above assumptions are used in Eg. (&), there result
eight coupled ordinary differential equations for the determination of the
eight shell parameters Ugs Uys Ugs Vis Vgs W, W), Wg, which are all func-
tions of x, and five coupled linear algebraic equations for the determina-
tion of the five ring parameters Vh’ V8’ wo, wu, w8, which are constants.
The boundary conditions (corresponding to Eqs. 3) for the determination of
the above parameters are

unét L/2) = 0 n (16a)

il
=
-
o

0, 4 8. (16b)

dw_ (+ L/2)/dx = 0 ' n



]l.

v L2) = v n =l 8. (16¢)
wn(i L/2) = W n=20, 4 8. (16d)
du (E L/2)/dx = (v/r )N + £W)) - qoro[(l-vz)/Eh](A*/nroz) (16e)

The shell displacement parameters are expressible in the form
u (x) = unp(X) +u () a7

with similar expressions for v. and w . The quantities u_, v _and w
n n np’ np np

are particular integrals. Formulas for these quantities, applicable to the

present case of an applied uniflorm external hydrostatic pressure q,, are

presented in Ref. 3 where it is shown that du__/dx, v._ and w__ are con-
np np np

stants. Also, it is shown that Une? Vne and Woe the complementary functions,

are of the form

16

(Eunc/qoh) = Re T Co(j)xk(j) sinh (2xA./L) n=20, k& 8. (18a)
.j=0‘))'|' ]
'6 (.)_ (')
(Ev_  /a_h) = Re T \ c, J B 37 cosh (ZXAJ/L) n=h 8. (18b)
j=0,
]6 (-)_ (-)
(Ewnc/th) = Re % \ C, J C, 37 cosh (ZXAJ/L) n=20, L4 8. (18¢c)
j=0,

where Re denotes the real part of the complex quantity which it preceeds and

Kn(j)’ g ),

n nd E;(J) are known complex constants which depend upen five

A St 5
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distinct complex roots Aj (see Ref. 3). These roots, which are arbitrarily
selected so that both the real and imaginary parts are positive, are the
distinct roots of a twentieth degree algebraic equation presented in Ref. 3.
The other fifteen (unessential) roots are the negative, the conjugate and
the negative conjugate of the five distinct roots Aj' The five complex

(3)

constants C
[o) J

i.e., the ten constants which are composed of the real

and imaginary parts of the five Co‘j), are the arbitrary constants of inte-
gration which must be determined in each instance by satisfying boundary
conditions. In Ref. 3 the constants werc determined to satisfy the con-
ditions of a clamped shell and in Ref. 5 they were determined to satisfy
simple supports at the shell edges. Here the constants Co(j) are to be
determined so as to satisfy Eqs. (16) applicable to ring-reinforced edges.
We note here that the expression for duo(x)/dx is particularly simple in

form and is given by
duo(x)/dx = (v/ro)[wo(x) + gwu(x)] - [qoro(l-vz)/Eh](A*/nroz) (19)

showing that the condition Eq. (I16e) is automatically satisfied for all x
and not only at the ends x = + L/2 (see Ref. 3).
In Ref. 4 it is shown how, for given loads Sn and Zn, the ring

displacement parameters Vh and‘wn can be expressed in the form

6
X, = T a R i =1,2,3,45. (20)
k=1,2



where Xi is the ring displacement column matrix given by

X; = (W, Wy, Wg, V), Vg}

= 0,4,8. PFio= /b4
e Xy =y 4o u,s. if 0= n/b+ 3

1t

A
=
3>

1

and R is the generalized load column matrix given by

k

L2
R, = (r,"/EA){q B, Z_/2, 2}, Zg, §), Sg)

(21)

(22)

(22)

The constants aik are the elements of a five-by-six matrix (see Ref. 4).

The unknown interaction loads Sn and Zn can be eliminated from

the ring solution Eq. (20) in favor of the unknown constants CO(J) by
substituting the shell solutions Eqs. (17) and (18) into Egs. (15).

result of this procedure (since vnp and wnp are constants) is

16 ‘
_ ‘ )z () . _
(Sn/qoh) = [2/(l+v)](h/L)Rej=§’4 Cs Bn Aj sinh Aj n=4, 8.
2 3. 1% =) 3 n=0, 4, 8
(Z_/q. h) = [W/30-v)1(h/L)°Re = ¢ YC Y707 sinh A, > O
n o j=0,L 0 n ] i

Substituting Eqs. 4) into Eq. (20) results in

EX./q h) = 2 6 G ()
(EX;/q h) = (r_/h)"(Lh/A)[a,, (B/L) + Rejzg uc°‘ FoU7)

i = ')2:3:“’:5'

The

(2ka)

(24b)

(25)



1k,

where

F 9 = 300 0 2 + a5, Y+, T2
(26)
- /21" a. B W) = ()4 o
(3(1-v)/2}.a,48, ™7 + a;6Bg ]}Aj sinh A,

The real and imaginary parts of the five complex constants Co(j)
are now determined by simultaneously solving the following ten linear alge-
braic equations, which are obtained by substituting the shell and ring solu-
tions Egqs. (17), (18), (21) and (25)~into the ten boundary conditions Eqs.
(16a) to (16d).

]6 (-)_ (-)
Re T C_ J An 3 sinh A, =0 n=2»u4 8 (27a)
j=0,4 )
6 5= G)
Re T C J c JIp. sinh A, =0 n=0, 4 8 (27b)
j=0:)+‘ J ]
16 (= () 2 ()
Re v € /(B Y cosh A, - (r_/h)“(Lh/A)F. Y]
=0, 4 o n i ) i
(27¢)
- (ro/h)Z(Lh/A) (8/L)a;; - (v, /) n =k, 8.
i = (n/4) + 3
16 ()= () 2 )
Re & € Y€ Y cosh A, -~ (r /n)*(Lh/a)F. MY/
§=0,4 o n j o i
(27d)
- (ro/h)z(Lh/A)(B/L)ail - (Ew/ah) 0 =0, b 8.

(n/k) +1
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Once the above equations are solved for the ten unknowns (real
and imaginary parts of Co(j)) the interaction loads can be obtained from
Eqs. (14) and (24). Similarly, the shell displacements are given by
Egs. (13a) to (13d), (17) and (18), whereas those for the ring are
obtained from Egs. (13d), (13e), and (20).

Having determined the displacements in both the ring and
shell, it is possible to obtain all the stresses from Eqs. (1). It
is convenient to separate each shell stress into two parts, a membrane
component and a bending component. Thus, for example, the total axial
stress at the inside or outside surface, z = + h/2, is assumed to be

given by
cx(x,s, + h/2) = G*m(x,s) + okb(x,s) (28)

where S and % b’ the axial membrane and bending components, respectively,

are defined as

1t

Uxm(x,s) ox(x,s,o) (29a)

be(X,S) (]/2)[°x(x:5:h‘/2) - UX(X:S: - h/2)] (29b)
The stresses O and T are also separated into membrane and

bending components by relationships similar to those presented in Egs.

(28) and (29) for o, Similarly, by means of Eqs. (1d), (5a), and (5b),

the ring stress can be written in the form




16.
o= N/A + (Mcrc/I)‘[zc/(rc-zc) - I/Arczl ~N/A + Mczc/I (30)

where Mt =M - 2N is the circumferential bending moment referred to the
centroidal axis in the ring cross section. The well-known approximation
in Eq. (30} is, as discussed in Ref. 4, generally valid for reinforcing
rings of engineering interest. Also, as discussed in Ref. 4, in obtaining
final numerical results for N and Mc it is best to suppress the spurious
higher harmonics which are introduced when the strain and change of
curvature € and  are multiplied by terms like 1/r or l/rc, and to retain
only as many harmonics as are assumed for the original series for the

ring displacements. In the numerical results which toilow, the spurious
harmonics of the order of cos (IZWS/LO) and higher have been suppressed

in N and M .
c

NUMER{CAL RESULTS

The preceeding theory has been used to obtain a complete set of
numerical results for a limited parameter range of short oval ring-shell
combinations. For each configuration considered it was assumed that
L/t = 24 iro/L = 3.820), L/h = 576 (ro/h = 91.67) and v = 0.3. The effect
of any pressure load q, acting at the location z, on an exposed width B
of the ring has been neglected by setting B = 0. The uniform cross-
sectional area and moment of inertia of the oval reinforcing rings was

varied to arrive at Cases 1 to 4 of Table 1. Cases 1 and 2 have identical
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ring areas (for a fixed shell wall thickness) which are smaller than the
areas (also identical) for Cases 3 and 4, whereas the moment of inertia in-
creases monotonically from Case | to Case 4. On the other hand, Cases |
and 3 have identical radii of gyration which are smaller than the radii of
gyration (also identical) for Cases 2 and 4. The parameter z/h, listed in
Table 1, characterizes the location of the ring; i.e., z/h > 0 for inside
rings, 2z/h < 0 for outside rings and z/h = 0 for median line rings (a case
of theoretical interest in which the centroid of the ring cross section

is assumed to coincide with the median line in the shell wall).

Obviously, the data in Table 1 specifies only the gross geome-
trical properties of a ring cross section and not the actual shape, i.e.,
channel sections, T-sections, I-sections, etc., nor is it necessary for
purposes of analysis to specify such details. However, an estimate of the
physical size of the rings implied by Cases 1 through 4 can be obtained by
assuming that T-sections of web depth d, flange width b, and uniform thick-
ress t are employed as reinforcing rings by welding the foot of the web
to the shell. Then, for Cases 1 and 3, d/h ® 8.1 and b/h ® 7.4, whereas,
for Cases 2 and 4, d/h ® 9.9 and b/h ® 10.6; also, t/h » 0.4k, 0.33, 0.77,
0.59 for Cases 1 through 4, respectively. In general, Case 1 represents
the lightest ard most flexible ring, whereas Case U represents the heaviest
and stiffest ring.

Complete numerical results were obtained for five major-to-minor
axis ratios b/a = 1.1, 1.2, 1.3, 1.4, 1.5. Thus, for example, the rings
corresponding to Cases 1 to 4 of Table | were considered as inside rings
for each of the five values of b/a, giving a total of twenty combinations

of inside rings. The same rings were also used as outside rings (twenty
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cases) and median line rings (twenty cases), resulting in a total study of
sixty cases of ring-reinforced oval cylinders. In addition, the results
for clamped oval cylinders (infinitely stiff rings) are also included for
each of the five values of b/a. The numerical study was completed by ob-
taining all the corresponding results for b/a = 1.0 (circular cylinders).

For both inside and outside rings having cross sections defined
by Cases 1 to 4 of Table 1 (page T1) there are presented in Tables Al to
A8 (pages T2 to T5), respectively, the nondimensional axial membrane stresses,
axial bending stresses, circumferential membrane stresses, circumferential
bending stresses, shear membrane stresses, shear bending stresses, radial
deformations, and circumferential deformations, forlb/a‘= 1.1. Corresponding
results for b/a = 1.2, 1.3, 1.4, 1.5, respectively, appear in Tables A9
to A16 (pages T6 to T9), Tables Al17 to A24 (pages T10 to T13), Tables A25 to
A32 (pages Tl4 to T17), and Tables A33 to A40 (pages T18 to T21). The re-
sults for inside rings are presented in the upper half of each table; those
for outside rings appear in the lower half of the same table. These data
are tabulated at locations which are the intersections of shell generators
located at hs/Lo = 0 (end of major axis), 0.25, 0.50, 0.75, 1.0 (end of minor
axis) with cross sections at 2x/L = 0 (mid-bay), 0.2, 0.4, 0.6, 0.8, 1.0
(ring). Similar results for median-line ring cases appear in Tables Bl to
B20 (pages T22 to T31).

Tables Cl and C2 (page T32) relate to ring-reinforced circular
cylinders, results for which are available in the literature. For example,
they can be obtained from Ref. 1 by neglecting ''beam-column'' effects. Natur-
ally, in these cases there is no variation circumferentially and the in-plane

shear stresses are identically zero. Also, the axial membrane stress
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oxm/qo = - ro/2h‘= -45.8 everywhere. In the case of circular cylinders
all results are independent of the ring cross-sectional moment of inertia.
Consequently, for median line rings, Cases 1 and 2 are identical, as are
Cases 3 and 4. For both inside and outside rings the small difference
between Cases 1 and 2 or between Cases 3 and 4 is due to the fact that

Cases 1 and 2, as well as Cases 3 and 4, have differing values of z/h

and, hence, slightly different radii.

Tables D1 to D6 (pages T33 to T35) refer to the reinforcing
rings and present the radial and circumferential interaction loads as
well as the circumferential force and bending moment distributions for
all cases, i.e., inside, outside and median line rings for b/a = 1.0
(circular cylinders), 1.1, 1.2, 1.3, 1.4, 1.5,

Tables E1 to E7 {(pages T36 to T38) refer to clamped cylinders
(infinitely stiff reinforcing rings). The results in Tables El, E3, and
E5 for b/a = 1.1, 1.3, 1.5, respectively, have been obtained from the work
of Ref. 3, where it was also shown that the concept of an equivalent circu-
lar cylinder solution (in which the shell cross sections at a ring are
forced to remain plane) is an excellent approximation to the energy solu-
tion. The results shown in Tables E2 and E4 for b/a = 1.2 and 1.4, res-
pectively, have been obtained on the basis of such an equivalent circular
cylinder solution. This approximate solution results in zero values for the
in-plane shear stresses and circumferential displacements and, consequently,
these negligible quantities do not appear in Tables E2 or Ek. Table E6
presents stresses and deformations for clamped circular cylinders, whereas

Table E7 shows the interaction loads which act upon the clamped edge, i.e.,
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upon an infinitely stiff reinforcing ring.
Figures 3 to 35 present curves in the range 1.0 (circular
case) < b/a < 1.5 of all the dominant quantities for all cases at each
of four points, i.e., at mid-bay at the end of the major axis (x = s = 0),

at mid-bay at the end of the minor axis (x = 0, s = Lo/h), at ring at the

erd of the major axis (x = L/2, s = 0), and at ring at the end of the minor
axis (x = L/2, s = Lo/h)u Figures 3 to 13, which refer only to inside

ring cases, present the membrane and bending components of the axial and
circumferential stresses, the radial deformations, and the circumferential
force and bending moment in the reinforcing ring. The curves labeled 1, 2,
3, 4 refer to the corresponding cases of different rings lTisted in Table 1,
whereas the label € on a curve refers to clamped cylinders. Corresponding
results for outside ring cases appear in Figs. 14 to 24, whereas those for

median-line rings are in Figs. 25 to 35.

DISCUSSION

A survey of the numerical results presented in the tables on pages
T2 to T38 and in the graphs of Figs. 3 to 35 indicates that, for all cases
of inside and outside rings defined in Table 1, the total axial and circum-
ferential stresses are most severe at the ring at the end of the major axis,
i.e., at x = L/2, s = 0. Of course, due to symmetry, the shear stresses
and circumferential displacements vanish along the generators at the ends
of the major and minor axes. At the most severely stressed point axial

stresses, circumferential stresses, radial deformations, and circumferen-
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tial forces and bending moments in the reinforcing rings, respectively,
are plotted as functions of b/a in Figs. 5, 9, 11 and 12 for inside ring
cases. Corresponding results for outside ring cases appear in Figs. 16,
20, 22 and 23, whereas, those for median-line ring cases are displayed in
Figs. 27, 31, 33 and 34.

Inspection of the figures mentioned above indicates that, as one
would expect, the severity of the stresses usually increases as b/a is in-
creased. Also, it is immediately apparent that the curves labeled C, which
refer to clamped cylinders, are in most instances radically different from
the family of curves labeled 1, 2, 3, 4, which refer to the corresponding
cases listed in Table 1. Thus, in general, one can not obtain reasonable
approximations for cylinders reinforced by what would be considered rather
heavy rings in an actual design (Case 4, for example) by assuming that
these rings are infinitely rigid. This radical departure of the results
for clamped cylinders from those for ring-reinforced cylinders is generally
exhibited throughout the structure and not only at the points for which
graphs are presented.

Another feature exhibited in the graphs is the significant effect
that the inside, outside, or median line location of the reinforcing ring
has on the stress distribtuion throughout an oval cylinder. For circular
cylinders (b/a = 1.0) the ring location produces only a secondary effect.
However, as b/a is increased it can be seen by a comparison of Figs. 5 and
16 that the sign of the axial bending stress changes from negative to
positive (without a significant change in absolute value) in going from

inside rings to outside rings, whereas, for median line rings (Fig. 27)
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the magnitude of the axial bending stress is only about 40% of that obtained
for inside or outside rings. Similar sign reversals in the axial bending
stresses occur throughout the oval cylinders considered in going from ine=
side to outside reinforcing rings.

A comparison of Figs. 9, 20 and 31 shows that, for the larger -
values of b/a, the sign of the circumferential membrane stress changes from
positive to negative (without a significant change in absolute value) in
going from inside rings to outside rings, whereas, for median-line rings the
magnitude of these stresses are greatly reduced. For circular cylinders
the circumferential membrane stresses are always compressive. However,
for the inside and median-line rings considered, these stresses vary
monotonically from compressive to tensile as b/a is increased (see Figs.

9 and 31). When going from inside to outside reinforcing rings radical
changes generally occur in the behavior of the circumferential membrane
stress for the oval cylinders considered.

As regards the radial deformations shown in Figs. 11, 22 and 33 for
inside, outside, and median-line rings, respectively, it is seen that the
displacements at the ring are substantially the same as those at mid-bay,
the difference between the two displacements being of the same order of
magnitude in ring-reinforced cylinders as in clamped cylinders. Generally,
the outward displacement at the ends of the major axis is approximately
50% greater than the inward displacement at the ends of the minor axis.

The maximum radial deformations for inside rings are approximately the same
as those for outside rings; however, these displacements are increased

four to five fold in the case of median line rings. For circular cylinders
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the radial deformations do not involve any substantial circumferential
bending; i.e., the deformations are predominantly of a pure extensional
nature (circumferentially). On the other hand, for oval cylinders the
radial deformations involve a great deal of circumferential bending.

This behavior indicates the probability that these deformations are con-
trolled by the moment of inertia of the rings together with an effective
width of shell. Naturally, the effective moment of inertia of such a
combination of ring and shell would be about the same for inside or outside

rings and in each instance greater than for median line rings. If the

full bay length of shell is combined with the reinforcing rings, then the
ratio of the effective moment of inertia for inside or outside rings to that
for median-line rings for Cases 1 to 4 is 4.8, 5.2, 4.3 and 4.7, respecti-
vely, concurring with the above mentioned four to five fold increase in
the deformation of median~line rings. The concept of reinforcing ring
together with the full bay length as an effective width of shell has been
applied (Ref. 4) to a short, oval, ring-reinforced cylinder, and good agree-
ment with available experimental data (Ref. 2) was achieved.

The circumferential forces and bending moments in the rings at
the ends of the major axis are shown in Figs. 12, 23, and 34. These figures
show that the oval reinforcing rings exhibit a behavior similar to that
described above for the oval shell. For example, the sign of the circum-
ferential force changes from negative to positive (without a substantial
change in absolute value) in going from inside to outside rings, whereas,
by comparison the magnitude of the circumferential force is small for median-

line rings. On the other hand, consistent with the larger radial deformations,
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the circumferential bending moment in median-line rings is approximately

i
i
'
P
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four to five times that in either inside or outside rings.

It is of interest to compare stresses at the point at the ring
at the end of the major axis (x = L/2, s = 0), generally the most severly
stressed point (discussed above), with those at the most flexible point
of the cylinder, i.e., the point at mid-bay at the end of the minor axis
x=0,s= Lo/h). Figures & and 8, respectively, show the axial and cir-
cumferential stresses at the latter point for inside rings and Figs. 15

and 19 show corresponding results for outside rings. 1In each instance the

stresses are seen to be much less severe than the corresponding stresses
at the ring at the end of the major axis. These figures also show
that at a given point there is not always a monotonic increase in stress
level with an increase }n b/a. For example, Fig. & shows that for inside
rings the axial bending stress is most severe in the range 1.25 < b/a < 1.35
and drops off for either higher or lower values of b/a. This behavior is not
exhibited for outside rings (Fig. 15). Also, Fig. 15 shows that the magni-
tude of the axial membrane stress decreases monotonically with b/a for out-
side rings; whereas, Fig. 4 shows the opposite trend for inside rings.
Regarding the relative behavior of Cases 1 to %, a number of general
conclusions can be drawn. As is well known, the behavior of ring-reinforced
circular cylinders is virtually dependent only upon the creoss-sectional area
of the reinforcing rings and not upon their cross-sectional moment of inertia.
Consequently, for circular cylinders-(b/a = 1.0) the results for Cases 1 and

2 (identical ring areas) coincide, as do those for Cases 3 and 4 (also
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identical ring areas). This independence of the cross-sectional moment of
inertia is not retained as b/a is increased because circumferential bend-
ing begins to play a dominant role.

In many instances, as b/a is increased, the shell stresses for
Cases 1 and 3 do not differ greatly. The situation is similar for Cases

W s as . . . 2
2 and 4, indicating that the radius of gyration parameter I/Ah" which is

identical for these cases, has a dominant influence on the shell stresses
in the oval cylinders considered. Such behavior is not as pronounced for
median-line rings as it is for either inside or outside rings. However,
this trend pertains only to the shell stresses and not to the radial

displacements or the reinforcing ring forces and bending moments.
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TABLE 1

RING AND SHELL DATA FOR CASES CONSIDERED*

TI.

CASE

I' 2 3 4
Lh/A 3.5 3.5 2 2
(a/h2) (6.857) (6.857) (12) (12)
1/Ah? 7 10 7 10
(/nh) (48) (68.57) (84) (120)

Inside rings

6 7.5 6 7.5
3 Outside rings
z/h

-6 -7.5 -6 -7.5

Median line rings
0 0 0 0

%
In all cases

L/L = 24 (ro/L = 3.820), L/h = 576 (ro/h =91.67), v=0.3, B=20
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(s=Losa)

(s=0)

AT MID-BAY (x =0)
60 ‘ ( i /A
| — — — AT RING (x = L/2) /,)
,//
40 1/ 2,3
o Z '/4
: 7 S — |
= 20 = =
e Z L= |
N _
)
A o — C
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‘\ WV
-20 2,3
~ 1
-40 ‘ *
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» UAT MAJOR AXIS” ~—— AT MINOR AXIS ——

FIG. 22 RADIAL DEFORMATIONS VS b/a
FOR OUTSIDE RING CASES
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ON SCALE USED CURVES AT MID-BAY
240} (X=0) ARE INDISTINGUISHABLE

~ FROM THOSE AT RING (% = L/2) |// ]
m‘
160 // 2 %

< . g
o < ,// 31— o
g A <
5 =s )
o/ 0 C <
()]
T —— ] g
80 1 15 )
- _ N o

]
-160 : ~
1.0 Ll 12 1.3 1.4 1.8
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FIG. 33 RADIAL DEFORMATIONS VS b/a
FOR. MEDIAN LINE RING CASES
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